
Recursive sequences 
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On expanding and grouping terms on L.H.S. and R.H.S., we have 
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If the numbers are in A.P., then  ak – 2ak+1 + ak+2 = 0 . 

By the first part of this question, replacing in the procedure all inequalities by equality, result follows. 
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2. We like to use mathematical induction to prove the given proposition. 
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 ∴ The proposition is true for  n = 1 . 

 Assume that the proposition is true for  n = k  . i.e.  
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 We would like to prove that the proposition is true for n = k + 1 . 
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 , by inductive hypothesis. 
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 ∴ The proposition is true for  n = k + 1. 

 By the principle of mathematical induction, the proposition is true  ∀ n ∈  . 

 

3. (i) yk = Ayk-1 + B    and    yk-1 = Ayk-2 + B 

  ⇒ yk – yk-1 = A(yk-1 – yk-2) = A2(yk-2 – yk-3) = … = Ak-2 (y2 – y1) 
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−   can also be proved by mathematical induction. 

 (ii) (a) xk = (a + b) xk-1 – ab xk-2  (k ≥ 2) 

   ⇒ xk – axk-1 = b(xk-1 – axk-2) = b2 (xk-2 – axk-3) = … = bk-1(x1 – ax0) 

  (b) xk – axk-1 = bk-1(x1 – ax0)  ⇒ xk = axk-1 + bk-1(x1 – ax0) . 

   Then by (i),  Let  A = a  and  B = bk-1(x1 – ax0) 
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 (iii) Let  xk = (a + b) xk-1 – ab xk-2  (k ≥ 2),  then by comparing coefficients,  
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4. Let  P(n)  be the proposition  ( ) nn
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 By the principle of mathematical induction, the proposition is true  ∀ n ∈  . 

 (i) ( ) ( ) ( ) ( ) ( )[ ] ( ) ( )n1nn2n2n

2n2n 132132213213131313b3a +++=+++=++=+=+
++

++  

  = [ ] [ ] ( )[ ] ( )[ ]bb23aa2b3a2b3a2 +++=+++ n1nn1nnn1n1n ++++  

  ∴ an+2 = 2(an+1 + an)  , b n+2 = 2(bn+1 + bn)  

 

 (ii) Let  P(n)  be the proposition  ( ) ( )nn
1nn

b3a)1(13 −−=− −  

  For  P(1),  ( ) ( )11
111

b3a)1(13 −−=− −   ,  where  a1 = 1,  b1 = 1.    ∴ P(1)  is true. 

  Assume P(k)  is true for some  k ∈  .  . i.e.  . ( ) ( )kk
1kk

b3a)1(13 −−=− −   …. (2) 

  For  P(k + 1) . ( ) ( )( ) ( ) ( )[ ]kkkk
k

kk
1k

)2(by1k
ba33ba)1(13b3a)1(13 +−+−=−−−=− −+

 

  ( )1k1k
k b3a)1( ++ −−=    , where    . kk1kkk1k ba3b,baa +=+= ++

 

 (iii) ( ) nn

n
b3a13 +=+   …. (3)   ( ) ( )nn

1nn
b3a)1(13 −−=− −   …. (4) 

  (3) × (4), ( ) ( ) [ ] ( )nn
1n

nn

nn
b3a)1(b3a1313 −−+=−+ −  

  ∴ 2n = (–1)n-1 (3an
2 – bn

2)    ⇒   3an
2 – bn

2 = (–1)n-12n . 
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  Since  an ≥ n,  bn ≥ n ,  therefore   an →∞ , bn →∞  as  n→∞ . 
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