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On expanding and grouping terms on L.H.S. and R.H.S., we have

A +ay+. By B, +A, .ty

nla, +a, +..+a,,,|>(N+1)a, +a, +..+a,,|= ] > -

If the numbers are in A.P., then ay—2ax.; + a2 =0.

By the first part of this question, replacing in the procedure all inequalities by equality, result follows.
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We like to use mathematical induction to prove the given proposition.
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The proposition is true for n=1.

Assume that the proposition is true for n=k .ie. 0<a,- «/_<£(3—\/;“L (—J
2.5

We would like to prove that the proposition is true forn=k + 1.
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akﬂ—x/_:akTJFS—«/g:ﬁ%X>0, since a.>0.
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a,,—5= (ak _\/g)z o {(3_\@2)211 } , by inductive hypothesis.
a, 2a, (2 @)
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=— , since by inductive hypothesis  a, <5 .
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The proposition is true for n=k + 1.

By the principle of mathematical induction, the propositionistrue Vv ne N.

() Yk=Ayk1+B and  yk1=Ay+B

= Yk—Yk-1=A(yk-1—yk-2)=A2(Yk-2—Yk-3)= Y\ (Y2—Y1)
k-1 1 Ak AL
= > Viu-y ZA' )= VY= Ve v)= ey = A Ay +8-y,]
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Akfl_l p Akfl_l . Akfl_l
=Yi=— g [(A-1)y, +B]+y, = (A" 1)y, + AT B+y, =Ay, + A B
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Yy, =AY, + B can also be proved by mathematical induction.

(i) (@ x=@+b)xki-abxkz (k=2)
= Xk— @1 = DXt — a%kz) = b? (X — aXka) = ... = b (X — axo)
(b) xx—axe:=bMxi—axg) =  Xx=axes + b(xy—ax) .
Thenby (i), Let A=a and B =b"(x;-axo)

= _1[ “x, _axo)]

k-1
X, =a*ix, +
oa-1

(iii) Let xk=(@+b)xc1—abxx, (k>2), thenbycomparing coefficients, a+b _% ab= —%
. 2 2
Solving we get  (a,b)= (_5’ j or (a,b)= [1, _Ej

If (a, )=(—§, 1J,applying (i) (b), we have

limx ix+gx —§x+gx —§x +Ex
k_)wkl+zl30_5130_5150

If (a,b):(l, —%] limx, does not exist and is rejected.



Let P(n) be the proposition (\/§+l)n = anx/§+ b,
For P(1), (\/§+1)l = al\/§+ b,, where a =1, by=1 o P(Q) istrue.

Assume P(k) istrue forsome keN. .ie. .<\/§+1)k=ak\/§+bk e (1)

For P(k+1).

by (1)

(\/§+1)k+1 = (\/§+1)k (\/§+1) = (ak\/§+ ka\/§+1): (a, +b, W3+(3a, +b,)=2a,,v3+b,,

where a,,=a,+b,, b,,=3a,+b, s P(k+1) istrue.

By the principle of mathematical induction, the propositionistrue VvV ne N.

i a,., J3+ b..,= (\/§+1)n+2 = (\/§+1)n (\/5 +1)2 = <\/§+1)n [2(\/5 +1)+ 2]= 2(\/5 +1)n+1 + 2<\/§+1)n

= 2[an+1\/§+ bn+1J+ Z[an\/§+ b, J: [2(a,, +a, W3 +[2(b,.,+b,)]

an2= 2" + ay) , b= 2(b™" + by)

(i) Let P(n) betheproposition (V3-1) =(-1)"*(a,+3-b,)
For P1).  (3-1f =(-0*fa,v3-b,) . where ay=1, bi=1 - P) istrue.
Assume P(K) istrueforsome ke, .ie . (V3-1f =(-0(a,v3-b,) )
For Pk+1). (V3-1f" "= (1o, 3 -b, V3 -1)= (1)@, +b, W3- (3a, +b,)
—(-)*a,.V3-b,,) where a,,=a,+b,, b, =3a,+b, .

iy (V3+1 =a,v3+b, ... (3 (V31 =(-n(a,v3-b,) e ()
@@, (31 (3-1] [, v3+b,0™] [,43-b,)

2"= (D" Ba,’-bY) =  3a’-bl=(-1)"2" .

(i) Let P(n) betheproposition a,>n, b,>n and a,’-2b,%=(-1)"

For P(1),
where a;=1>1 b;=1>1.  and a,’ —2by% = 12 = 2(1)* = (<)%
P(1) istrue.
Assume P(k) istrue forsome keN. .ie. .a,>k by>k and al-2b’=(-1)% ... ()
For P(k+1). a1 =a+2b> k+2k=k+1, by(l) and k=>1.

b =ax+by > k+k=k+1, by(l) and k=>1.
AlSO, k- 2bkr” = (a+2b) - 2@+ b = (-1) @ -2b7) = (- 1) (- 1) =(-1)", by (1)
P(k+1) istrue.

By the principle of mathematical induction, the propositionistrue VvV ne N.
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If n isodd,then a,®>-2b2=-1, a2 =2b,2—1<2b,> andsince b,2>0,
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If n iseven then a>—2b,2= 1, a2 =2b,2+1>2b,> andsince b,2>0,

a”2 >2 = a—”>\/§
b, b,

Since a,=n, b,>n, therefore a,—>w,b,—>0 as n—w.

2 2 n
lim| 22— /2 | = lim L T o | N ST
n—ow bn n—w bn n—w bn(an+ﬁbn) n—w bn(an+\/§bn) n—o bn
a,, _a, +2b,
bn+1 an +bn

‘1—&

a
—+1

n

(1—x/§Xan —ﬁbn)

a,+b, |

a,+2b, —ﬁan —«/Ebn

| a, +b, |

a'l
Tt 0| =
e

n+l

a +2b \/—
n no_ 2=
a,+b, ‘

a
n |2
e

n

o

<

Z—”—\/E‘ since ‘l—ﬁ‘d and Z—” >0,

1
o = vy = et sy, o =T ey S 20

Xn<yn, for n>1



